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Overview
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‘ | Electroweak corrections at high energies I

Precision collider physics

Precision measurements at colliders and theoretical predictions with electroweak (EW)
+ QCD corrections enable us to test the Standard Model at various energy scales:

e up to now (LEP, Tevatron) at energy scales < My 7
e upcoming colliders (LHC, ILC/CLIC) — reach TeV regime
<— new energy domain /s > Myy becomes accessible!

EW radiative corrections at high energies /s > My
= enhanced by large Sudakov logarithms

S

My

per loop: In? ( ) ~ 25 at /s~ 1TeV

— corrections rise with energy
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Origin of large EW logs

e mass singularities: real or virtual emission of soft/collinear gauge bosons
from external particles

e remnants from UV singularities

Massless gauge bosons
real emission of soft/collinear photons/gluons cannot be detected separately
< mass singularities cancel between real & virtual corrections (KLN theorem)

Massive gauge bosons

real emission of W's, Z's can (in principle) be detected separately

— only virtual corrections: large logs remain present in exclusive observables,
< even in inclusive observables (Bloch—Nordsieck violations)



Bernd Jantzen, Process-independent determination of two-loop EW next-to-leading logarithms 6/26

General form of virtual EW corrections for s > M3, [L = In (]\482 )]
W
— LL (leading logarithmic), NLL (next-to-leading logarithmic), N°LL ... terms:

1 loop: « [C’lLL L? +C"1\'LLL+C"1\'2LL] +0O (MT‘Q’V)

| | |
—17% +12% -3%

l l l l
+1.7% -1.8% +12% —03%

[oc(ut — dd) @ /s = 1TeV, B.J., Kiihn, Penin, Smirnov '05]

For theoretical predictions with accuracy ~ 1 %:
= 2-loop corrections important
= LL approximation not sufficient

With massless photons: log ~ 1/¢ in D = 4 — 2¢ dimensions
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Existing virtual EW 2-loop corrections

Resummation of 1-loop results using evolution equations valid for
unbroken SU(2)xU(1) (M, = Mz = M) and for pure QED:

S S S S
o CLLln4<M2 ) + CnieIn® (Mg ) + Oz In® (MQ ) ™ CN3LLIH<M2>

W
A\ - - 7

"~

~~

"~ ~~

Fadin, Lipatov, Melles '00, '01 Kihn, Moch, Penin, B.J., Kithn, Moch, Penin,
Martin, Melles '99 Smirnov '99-'01 Smirnov '03-'05

arbitrary processes massless f f — f’ f’ processes

+ SCET approach [Chiu, Golf, Kelley, Manohar '07, '08]
-+ N°LL foreTe” — WT W~ [Kiihn, Metzler, Penin '07]

Explicit 2-loop calculations based on spontaneously broken SU(2)xU(1), My # M:

2 S ang t 3 S rem 3 S
Cyy In* e n( = ) I —— crem 13 [ 2

~~

"~

~~

Melles "00; Denner, Melles, Pozzorini '03
Hori, Kawamura, Kodaira '00;
Beenakker, Werthenbach '00, '01 ~

~N~
\ .

~ n-fermion processes

Pozzorini '04;
Denner, B.J., Pozzorini '06, '08

7

arbitrary processes
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Il Two-loop next-to-leading logarithmic corrections

Goal: virtual 2-loop EW corrections for arbitrary processes in NLL accuracy
Process-independent: separate loop integrals from Born matrix elements

— already completed: processes involving massless & massive external fermions

Parameters: [D =4 — 2¢]
e different large kinematical invariants r;; = (p; + p;)* ~ Q% > Mg,
o different heavy particle masses My, ~ My ~ m{ ~ Mg,
e massive top quark, other fermions massless

2
1
= logs L = In (M—Q) and — poles (from virtual photons, counted like logs)
W €

1loop: LL — e 2, Le !, L% L3¢, L% NLL — e !, L, L%, L3¢
2 loops: LL — e, Le3, L% 2, L3¢ !, L* NLL — e 2, Le?, L%t L3

y M2 2
= NLL coefficients involve small logs In ( C;j) and In (%)
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‘ Extraction of NLL contributions I

Logs originate from mass singularities when a virtual gauge
boson (v, Z, W¥) couples to an on-shell external leg
— single log from collinear region (4 UV logs)

N, Z,W*

Isolate factorizable contributions:

gauge boson exchanged between external legs;
separate loop integral from Born diagram @
via soft—collinear approximation

— double log from soft & collinear region

Remaining non-factorizable contributions: collinear Ward identities
Denner, Pozzorini '00, '01

J#i

The factorizable contributions contain all soft or collinear NLL mass singularities. I
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Factorizable contributions at 2 loops:

o o]

— non-factorizable contributions vanish

Yukawa couplings of massive fermions to Higgs & Goldstone bosons
— only three non-suppressed factorizable diagrams:

= Sum vanishes due to gauge invariance of Yukawa interaction
~+ Yukawa interaction contributes only to wave-function renormalization
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‘ Evaluation of Feynman diagrams I

Need to evaluate Feynman diagrams in the high-energy limit Q* > M? ~ M3
= discuss combination of two methods:

e expansion by regions,

e Mellin—Barnes representations.
cf. B.J., Smirnov '06 & refs. therein

The same diagrams have also been evaluated independently with an automatized

algorithm based on sector decomposition (not discussed here). Denner, Pozzorini '04
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Expansion by regions Beneke, Smirnov '98

e problem: expansion of a Feynman integral in a limit like Q% > M?

e wanted: expansion of the integrand before integration

e complication: expansion and integration do not commute,
expansion creates new singularities

Recipe for the method of expansion by regions:

1. within the integration domain for the loop momenta, consider the relevant regions
(usually around points where singularities arise)

2. in every region, expand the integrand in a Taylor series with respect to the
parameters that are considered small there
(logarithmic approximation: just set small parameters to zero)

3. integrate each of the expanded integrands over the whole integration domain

4. set to zero any integral without scale (like with dimensional regularization)

For some individual regions, in addition to ¢, analytic regularization is needed (drops
out in sum of regions).
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Expansion by regions with massive external legs
Expansion before integration:

1. expansion eliminates small terms with respect to large terms
2. integration produces new small, but possibly finite invariants

Need to make these invariants explicit before integration

2
: : : - Dij; . s -
= shift to lightlike momenta: p; ; = p; ; + QN—JNPM with p? = p? =0
Pi - Py
Relevant regions for each loop momentum k: (M ~ My z ~my < Q)
ks, | Kis; | kLi.6) kis, | Kis; | FLisy)

hard Q Q Q i-collinear Q M?/Q M

soft M M M j-collinear M?/Q Q M

ultrasoft | M?/Q | M?/Q | M?/Q i-ultracollinear | M?/Q | M*/Q? | M?/Q? | new!
j-ultracollinear | M*/Q° | M?/Q | M?/Q? | new!
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Mellin—Barnes representation Ussyukina '75; Boos, Davydychev '91
Feynman integrals with many parameters are hard to evaluate + Im z
— separate parameters by Mellin—Barnes (MB) representation: _._, e
1 1 [ dz B* AN
T BT ™ T 2 T I G Ry
O 1 2

e MB integrals go along the imaginary axis,
leaving poles of I'(z 4 ...) to the left and
poles of I'(—z + ...) to the right of the integration contour

e evaluation: close the integration contour to the right (|B| < |A|) or to the left
(|B| > |A|) and pick up the residues within the contour: ResF(z)]z:_Z. = (—=1)"/4!
— asymptotic expansion in powers of (B/A) or (A/B) and In(A/B)

e closely related to expansion by regions: contributions from residues of MB integral

correspond to contributions from regions

This project:
e use MB representation for expressions originating from expansion by regions
e extract and evaluate singularities from MB integrals
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IIl Results for processes involving
massless and massive fermions

Example for the contribution of a Feynman diagram

Vo Born amplitude

i _ factorized
scalar 2-loop integral T
NLL E f P N Ve Vi Ve iV
% = D(My,, Myv,;pi,p;) 1,21, "1, Ij Mg
Vi, Vo=~,Z,W+ ~ ~ -
. ~ ~~ ~ isospin matrices
J sum over gauge bosons applied to external legs

massless external
massive Internal

All relevant combinations of { } fermions evaluated explicitly!

Result for amplitude of fermionic processes fi fo — f3---fn in O(a?)
NLL

M = exp(AF*™) x exp(F*™) x (14+AF”) x Mo
o ~~ _J/ o ~~ _J/ N\ ~~ _J/ \/
electromagnetic symmetric-electroweak corrections Born

M»YIO M»YIMZ:MW fromMz;éMw

e universal result: Fs&V AFem AF% depend only on external quantum numbers
e electromagnetic singularities (in AF*™) factorized — separable
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M E exp(AFem) X eXp(FseW) X (1—|—AFZ) x Mg

Symmetric-electroweak terms: independent of fermion masses

Yukawa contribution
_ A\

fosew Vv YUkmf 1 .o 1.309 3
= § § § I 1] I;j(e, Mw) + RYE L+ L%+ =L"¢ +O(e)
A\%\% 2 6

J7£1V—fyZWi
b() Y; 2 b(l)
+( ) A (L) 22 o
47 cs 2 s2
(e M) " —12 = 2p3e — 1pa2 s o (ZE) | (L4 20% + 1132 ) + O
sleMw) =L = SP%e = 20t + |3 =2 () | (L + L% + 517 ) + O,
1 Q3

Jij (e, Mw, p*) = p; [%(26, Mw) — (F)efij(éaMW)]

‘]’i’i(ev MW7 M%)} )

Terms from My # Mwy:
=1I;i(e,Mz)—1;;(e,Mw)

N\
r N\

2

NLL 1 o M7
N Z - (I7)* In (M2 ) (2L + 2L%¢ + L*¢%) + O(e%)

’L:
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M E exp(AFem) X exp(FseW) X (1—|—AFZ) X Mg

Electromagnetic terms: [up = M]
— correspond to (QED with M, = 0) minus (QED with M, = M)

em 1) o
AF" = 5 Z{_le Z Q:iQ; [Iij(ea 0) — Ii; (e, MW)}
i—1 i
(a)2b<1> 2| Jii(e, 0, Miy) — Jii(e, Mw, My
+ E QEDQZ’ ’L’L(evov W) o ‘]’5’5(67 W, W) )

dependence on fermion mass m;
7\

NLL —Tij -1 . —2 X 1, 1.2 1.3 I
Iii(e,0) = —[3—21n(Q2>]6 —I—{—&;,oe + 05+ | Le —|—§L +6L e—l—ﬂL €
1 ; - 1 1
—|— (2111(]?\}7}%))(6 1—|—L—|— §L2€—|—6L3€2> —|—<’L—>]>}—|—O(€3),

Jij(€,0, %) = %{%‘(2670) - (%)6%(670)]
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‘ Comparisons and applications I

Comparison to existing results

e previous results for form factor and angular-dependent NLLs

reproduced and extended Denner, Melles, Pozzorini '03; Pozzorini '04

e agreement with general resummation predictions based on evolution equations
Melles '00, '01
) agreement with SCET results Chiu, Golf, Kelley, Manohar '07, '08

Application to 4-fermion scattering

e neutral current ff — f'f’: NLL-agreement with massless-fermion N3LL calculation,

additional fermion-mass effects B.J., Kiihn, Penin, Smirnov "05

e charged current f; fo — f3f4: new NLL result
e also applicable to processes with fermions and gluons, e.g. gg — f f:
gluons = legs with zero EW quantum numbers
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‘ Structure of the result to all orders in € I

Expansion by regions: look at contributions from individual regions, ;
e.g. in 1-loop diagram: [with subtraction of UV 1/¢ pole]

Q2 € : %1
hard region: —2 (6_2 + 26_1) ( )

—Tij |

J

collinear regions:

v [(3) ()

i j
e 2\ €

emi #A0=2]e?—1In i et 4271 9
my mi

'
finite remainder from singularity cancelled between i-/j-collinear regions

7

Each region depends on mass parameters via one unique power of (Q°/m?)¢.
— Logs In(Q?/m?) are generated by poles ¢~™ in prefactor.
— Additional logarithms arise from singularities cancelled between collinear regions.

— O(eY) in prefactor is beyond NLL accuracy.

~» In NLL accuracy this representation is valid to all orders in €!
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NLL result to all orders in €

M E exp(AF™) x exp(F*) x (1+AF*) x My

Every part of the result is known to all orders in €. Most important ingredient:

Lii(e,mq) = (26_2 + 36_1) zz-;e

— — — —€ — I _ —€ —€ €
—I—{[ZE > —2Le '+ (3—2l;; +20) e 1}21 + 014 (e 2—|—§e 1) (27 + 2; )}Z

with
QZ —7Tij mg .
Z = , L=InZ; zi; = —=, l;; =Inzjj; 2z = —, la =Inz,, a=1,2,...,12,7,...
M\%v J Q2 J J M\%V

Nne . 1,ma:O
z, =0ifmg =0, n#0; Oa,y =
0, mg ~ Mw

Exponentiation
1-loop ~~ I;;(e,mq): Z° (hard), Z¢ (collinear)

2—|00p ~ Iz-j(e,ml) X Ik.l(e,mg), Iij(2e,m1), AR Iij(e,ml):

ZY (hard—hard), Z¢ (hard—collinear), Z*¢ (collinear—collinear)
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2-loop contributions to all orders in ¢
2-loop result involves Z" (hard—hard), Z¢ (hard—collinear), Z%¢ (collinear—collinear)

But: i

— (6_4 + 46_3) 2%

(]
+ {4 [6_4 +Le?+ (I —l)e® + 2L€_2} z] C — %51,7 (6_4 + 46_3) (z; <+ z._e)} VA
-+ {— [56_4 — 2L€_3 + 2 (2 — lij —+ ll) 6_3} 21_26

+ 01,4 [— (6_4 —2Le > +2(2 =iy + o) e_?’) 25 04 (e +2e77) 25 (27 + zj_e)] } 7z

+ 51,7{—% (7% —2¢7%) 237 (27 4+ 27°) +

L

662’7 (7% +4e¢77) (252 > + zj_ezi_%)} 2 7

new contribution: Z%¢ (ultracollinear—collinear), not present in 2-loop result?!
< need non-trivial cancellation of all Z*¢ terms in total amplitude!
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Cancellation of Z%¢ terms in 2-loop result

Vi > 3
b gl () (0 ) btz
J
i 1
{— (6_4 - 26_3) (51,7z2_3€zi_€ — 52,721_36,2]-_6)
Vi 3
A
Va 1 4 3 —€_—3e —e_—3€ 2€ ry4e
At (46 (T ) 2
J

= 7% terms cancel in combination of scalar loop integrals:

NLL
J J J J J J

— this relation (and others) checked to all orders in € v/
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‘ IV Summary & outlook I

Massless and massive fermionic processes f;fo — fs-:- fn (4 gluons)
with (p; + p;)? > M3, and different masses M3, ~ M7 ~ mi ~ M3

iggs®
e 2-loop EW NLL corrections in D = 4 — 2¢ dimensions
e |oop integrals calculated with two independent methods,
expansion by regions & Mellin—Barnes representations presented here
e Yukawa contributions only in wave-function renormalization
e universal correction factors, electromagnetic singularities separable
e process-independent: applicable for ete™ — ff, Drell=Yan, gg — ff, ...
e NLL result available to all orders in ¢ — structure with powers of (Q?/M3;)°

Outlook: EW corrections to arbitrary high-energy processes

e process-independent results for all Standard-Model particles possible at 1 loop

Denner, Pozzorini '00, '01

e generalize 2-loop method for external gauge bosons & scalars (Higgs)

e calculate relevant loop integrals ~» many already done for fermions
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Extra slides
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Virtual + Real W, Z emission: only partial cancellation

Ree(m(ee”))

0.0

—0.1

—-0.2

pp->e’e (V)
Vs = 14 TeV
V=W, Z

Baur, Phys. Rev.

D75 (2007) 013005
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EW 1-/2-loop corrections at the LHC
Drell-Yan pp — pp~: (electro)weak 1-loop & 2-loop corrections

0 T

5L
S
c -10 |-
(@]
s}
2
& 151
S
2
o
(&)
o
2 20 |-
©
e
o5 | Weak 1 loop Sudakov ——
Weak 1 and 2 loop Sudakov ———
QEDLL ——
Full 1 loop EWK ——
Full 1 loop EW - QED LL
'30 L | | | |

1000

1500

2000 2500 3000

invariant mass (GeV) Carloni Calame '08 with HORACE
and logarithmic (“Sudakov”) results from
B.J., Kithn, Penin, Smirnov '05

= logarithmic approximation very good at high energies

= 2-loop effects ~ O(%)

cf. Les Houches 2007 report, arXiv:0803.0678 [hep-ph]
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Treatment of ultraviolet (UV) singularities

UV 1/e poles in subdiagrams with scale 1 & renormalization at scale /i:

1 2N\ 1/Q3*\° 2
_( 622 ) _ = (Q—Q) — ln( ’LQLR ) + O(e¢) = possible NLL contribution
¢ /’Lloop f ILLR 'LL|OOp

bare diagrams counterterms

7

Perform minimal UV subtraction in UV-singular (sub)diagrams and counterterms:

AGE) -Gs)
f[(uﬁ)op | el\ng |

7 Vo

bare diagrams counterterms

Advantages:
e no UV NLL terms from hard subdiagrams (ui,, ~ @7)
— no UV contributions from internal parts of tree subdiagrams
e can use soft—collinear approximation (not valid in UV regime!)
also for hard UV-singular subdiagrams
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Power singularities Q2 /M ?

Asymptotic expansion for Q? > M%V’Z, m?
— logarithmic singularities In(Q?/Ms; ), In(Q?/my7)
— power singularities Q /My, 5, Q% /m7

E.g. in scalar diagrams (master integrals)

Z p; =0
e 1 QF (3 3 3. 5 3., 1 o3
Y :—@@(ZG —|—§L€ +§L€ —I_L
pi=
0 t
e 1 QF (1 5 3, T
= —— —= | -L —L —L
gl Q4mf(4€ +4 € +6
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Power singularities Q% /M? (2)
e not present at 1 loop

e appear at 2 loops in (scalar) diagrams with loop insertions at soft—collinear lines:

e expansion by regions predicts where power singularities can appear: simply combine
the factors of M from propagators and integration measures for each region

Complete Feynman diagrams:

e (Q?/M? singularities always compensated by factors of M?/(Q? from Feynman rules
or reductions = results for Feynman diagrams are free from power singularities

e massless fermions: power singularities do not affect fermion lines

e massive fermions: mass terms in numerator of fermion lines important!
— soft—collinear approximation not possible for the subdiagrams from above
= treat these subdiagrams with projection techniques
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Power singularities: complications from fermion masses

Mass terms in numerator of fermion lines important:

. K+ my
e fermion propagators: 5 5

e spinors: (p —my)u(p) =0, (P+mi)vip) =0

= Need more complicated projection on Dirac structure than in massless case:

M = Gol'(pi,pj)ulp;) =T1 Goul(p;) + Ta2Goyjulp;)
N—_—— ~ ~ ~
Born suppressed for Q2 >> mf

= Spin eigenstates u(p) are not exact eigenstates of the chirality projectors
WR,L = %(1 +797).

= One heavy-quark line may involve EW couplings with different chiralities
— happens only with QED couplings which are independent of chirality.
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Structure of the corrections: new logarithms

Scale A ~ M, < Q? of soft—collinear contributions — logs

(%) (i)~ ) o ()
A M2, M2, M2,

e massless fermions: only A = M% W

e massive fermions: also A = m? and A = Mg, — mi — i0 (at W—t-b vertices):

t

2
t
2
M,

;calar ~ —L4——lln( 2)_|_1n(M\27v_2m%>] 73
diagram Mg, Mg,
2 m
3

)=

e diagrams without photons: independent of fermion masses, only A = M%’W
e diagrams with photons: A = M7, and A = m{, but not A = My, —m;
(additionally 1/€ poles)

Feynman 2L 44 2
¢+ diagram 3

Complete Feynman diagrams:
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Parameterization of Feynman integrals

e Schwinger parameters:

1 1 > - 10 -
I d n—1 iaA erator A" — taA
e —i”F(n)/o aa " e numerator (z 804) e

a=0
= any number of propagators and numerators may be combined
= can always be transformed to (generalized) Feynman parameters
— evaluation:
D
47k pi(ak®+2pk) _ (m)—D/2 e
imD/2

/OO daa™ ! _ ['(n)T(r —n)
o (A+aB)" TI'(r)Ar—n Bn

e generalized Feynman parameters:

5(3;9:13]-—1)
HAm HFm (H/ da; @ 1) A 0#£SC{l,... L}

= convenient also for non-standard propagators, e.g. A; =2p - k




RWTH : .. : .
Bernd Jantzen, Process-independent determination of two-loop EW next-to-leading logarithms

36

Mellin—Barnes integrals: extraction of singularities

1= [ SETe+2) (-2 £
— 300 271 N e N —
left poles right poles

= The left pole at z = —e¢ and the right pole at z = 0 “glue together” for ¢ — 0.

Close contour to the right:

“ResT(e + 2)T(~2)f(2)|_ =T(©)f(0) = ~f(0) + O()

z=0

= When a left pole and a right pole glue together, a singularity is produced!

Extract such singularities by shifting the contour:

' dz T(e+ 2)
ot s a9 6

i 2T (—2) e —r

\

I = —ResT'(e+ 2)I'(—2)f(2)

~~— right poles
left poles

Now the poles at z = —e and z = 0 both lie to the left of the integration contour.

— The integrand can safely be expanded in e.

[e can be a combination of € = (4 — D) /2 and analytic regularization parameters.]
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Expansion by regions: example

Vertex form factor in the Sudakov limit Q? > M? P2
(massless fermions, gauge boson mass M) q
e typical regions for each loop momentum k: D1

hard  (h): all components of k£ ~ @
soft  (s): all components of k ~ M
ultrasoft  (us): all components of k ~ M?/Q
l-collinear (1c): k? ~2p; -k~ M2, 2py- -k~ Q?
2-collinear  (2¢):  k? ~2py -k~ M?, 2p; -k~ Q7

o _ e€VE dPk
_ t tion: f =
o 1-loop vertex correction: f = - / (k2 — M2)(k2 — 2p1 - k) (K2 — 2p2 - k)

2 2
F = é [—i éln(cz% - %hﬂ@ )+ 15 +0(g2 )]
(te) 4 p2e) _ L W11y q2y 1y 20 2 2y 2 M
/ +f RleE [62 EI(Q) 2l]fl(]\4)—|—ln(]\4)ln(@) 75 —I—C’)(Q2>]

pes g e ()% vo()



RWTH

Bernd Jantzen, Process-independent determination of two-loop EW next-to-leading logarithms 38

Expansion by regions: how its works

dk k—¢
(k +m)(k + q)

)

simple 1-dimensional example: f = /
0

soft (s): k~m, k<A
hard (h): k~gq, k>A

f—/A dk k~° L[ dkET
Jo (k4+m)(k+q)  Ja (k+m)(k+q)

(—1)7 dk k—ct7 oo dk ket
_Zq3+1/c) Z( m)/ k+q

=0

where m < A < ¢

=0

ru

£(5) (R

m < ¢

° oo dk k—€tJ oo dk k€1 e ; 0o
; (/ e )+Z<—m> (/

wdkk€+ﬂ “ dkk™ 7 & (=1 [ 4y p—e—itim1
qﬂ+1 / ( m)’ / _Z(_ 2 Z g7 t1 /0

dk k=1 /A dk k=1
k+q 0 k+q

=0

— 0, scaleless integral

e 4 _ r<e>r<1—e>z< )j r(—e>1r+<:+e>z( )

['(e)I'(1 — ¢) n [(—e)l'(1+¢€)  In(q/m)

" (g — m)me (g—m)qs  q—m +ole) v
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Example: the non-planar vertex diagram

Scalar integrals with variable powers of propagators:
FNP n17 N ) 626’)/ (M2)2€ (QQ)n—n7—4

/ / dPs (2K - £)"7
'L7TD/2 Z7TD/2 . 6)2)7@1 (<p2 ke 6)2)712

1
k2 = 2p1 - k) (2 — 2pa - O)na (K2 — M2)ms (2 — M2)7s

y N = N123456

(1c-h), (1c-1c),
(h-2c), (2c-2c),

(1c-1c'),
(2c'-2¢),

(1c-us’),
(us'-2c).

Contributing regions: (h-h), (1c-2¢), (us'-us"),

Leading term of (1c-h) region +— k? ~ 2p1 ko~ M? 2py-k~Q% 0~ Q:

F(lc—h)(n n ) . 626’)/ (MQ) n ny—4 dDg
NP 17"'7 7 - ’[,7'('D/2 ’L7TD/2

((2p2 k)(2p1 - €
(02 —2p1 - £+ (2p2 - k)(2p1 - £)/Q?)™" (02 — 2192 (/f +0)+ (2p2 - k)(2p1 - £)/Q?)™
1 o M?
“ K2 = 2p1 k) (2 — 2ps - )7 (K2 — M2)ms (%) N ( Q3 )

X
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Example: (1c-h) region of the non-planar vertex diagram

Introduce Feynman or Schwinger parameters, integrate & transform into

MY T G~ s )
Q> I'(D — ni246 + n7) Hle I'(n)
D

1
X / dxi;dxodzs x?l_l(l — 5131)"6_13332_1(1 — 332)"4_1333’37_1(1 _ ;U?))?_”?v_l
0

Flsl:llgc_h)<n1, c o ,7?,7) - (

D

x D(nioae — 2) [z1(1 — x3) + mows] 2124

J/

Ve

Mellin—Barnes representation:

1o dz D < Q—n1246—z
— I'(—=2)['(n1246 — 5 + 2) (1131(1 — 563)) (roxs) 2

oo 2T

= Expression with Mellin—Barnes integral:

R, nr) = (%)+ 1y €7 TE = na)(Z = + no)l(nas = 3)
v v Q? ['(n1)I'(n2)l'(n3)l'(ns) [?(D — ni1246 + n7)

s /z'oo dz F(—Z)F(% — N146 — z)F(% — N1246 + N37 — Z)

ioo 2T (5 —nis — 2)

D(ni + 2)['(£ — ns + 2)[(n1246 — 2 + 2)

X
F(n16 + Z)
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Example: evaluation of the (1c-h) region for special cases (1)

2\ € . 2
FUN(1,1,1,0,1,0,0) = (M ) 2oy T = €T (¢)

Q? I'(2 — 2¢)2
x/ 4 T —e— )T — e+ 2)D(e+ 2)
oo 2T
Solution known: 1st Barnes lemma Barnes 1908

/zoo % F(Oél — Z)F(Oég — Z) F(QB + Z)F(a4 + Z) _

oo 2T
[ + a3)lM(ag + ag)T(as + az)l(ag + ay)
['(a1 + as + az + aa)

(1 —€)°T'(e) T(1 — e)T'(e)['(2 — 2¢)

© L, T
= PO 1.1.0,1,0,0) = [ 2 ) &>
ve (1, 1,1,0,1,0,0) © ['(2 — 2¢)? ['(2—¢)

2
=i+1(—L+3)+%L2—3L+7+0(e), LZlH(Q—>
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Example: evaluation of the (1c-h) region for special cases (2)

2\ € L L
Fyp ™(1,1,1,0,1,1,0) = — (M ) g2er LU — =T

Q? T(1 — 2¢)2
X /_ZO;;—; [(—2)'(—€—2) 1+ 2)ra ;(; jr ng(l + €+ 2)

e 1st possibility: expand integrand in € and/or cancel functions in denominator

— transform to expressions solvable by Barnes lemma etc.

e 2nd possibility: close integration contour to the right and take residues directly:

(%2)66267 I'(1—€e)3T(1 +¢)? i I'(1—2e+i) I(1—e+i)
Q? I'(1—-2¢)? 4 \F(Z —e+ z’)J . ['(2 4+ 1) )

from z=—e-+1 from z=1

expand Gamma functions — sum up to (multiple) zeta values:

2 2 4

2
i 1 T T T
F(kh)lllOllO———w + - —-——L +2 —|——L2—2 L+ —4+0
NP (7 y Ly Uy Ly 4, ) Ge2 c 6 C3 19 CS 10 (6)
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Example: evaluation of the (1c-h) region for special cases (3)

2\ € o B
FISI]I.Dc—h)<1,5’ 1, 1, 1, 1,0) —_— — (%) (_1)5 62€fy F(l € 5)F( €>F<€)

02 L)1 — 2e — 9)?
X /ioo dz I'(=2)I'(-1-e—2)['(-e—0—2) T+ 2)I'QA —e+2)['(1 + e+ 0+ 2)
i ['(—e— 2) L2+ 2)

1
Limit 0 - 0 = —— — 0, but gluing polesat z=—-1—€e¢and z = —1 — ¢ — §:

T(3)

Fae(1,0,1,1,1,1,0) = lim

0—0

M?\° 5 2y D(1—e— 8 (—e)T(e)
(@) (=1)"e T(0)T(1 — 2¢ —5)2

M(—2)(-1—e—2)'(—=e—=0—2) T(1+2)I'(1 —e+2)['(1+e+ 0+ 2)

x Res ['(—e—2) ['(2+2) p=—1—c
_ (%) (1 - g (=gT(e) T(1+ T (=e)T(~2¢)
Q? ['(1 — 2¢)? ['(1—¢)
1 1 1 1/1 3 1 m
=50~ 53 L+4—€2L ——(12L+ C3)+48L+ C3L—%+O()



